We discuss the scattering of a quantum particle by two independent successive point interactions in one dimension. The parameter space for two point interactions is given by U(2) × U(2), which is described by eight real parameters. We perform an analysis of perfect resonant transmission on the whole parameter space. By investigating the effects of the two point interactions on the scattering matrix of plane wave, we find the condition under which perfect resonant transmission occurs. We also provide the physical interpretation of the resonance condition.
Introduction
One-dimensional quantum systems with point interactions are quite nontrivial. The point interaction in one-dimensional quantum systems has a relatively large parameter space, in comparison with those in higher dimensions. It has been known that a point interaction in one dimension is parametrized by the group U(2) [1, 2, 3] , while that in two or three dimensions is parametrized by U(1). The parameters characterize connection conditions for a wavefunction and its derivative. In one dimension, a variety of connection conditions leads to various intriguing physical properties such as duality [4, 5] , anholonomy [14] , supersymmetry [6, 7, 8, 9, 10] , geometric phase [11, 12, 13] , and scale anomaly [14] .
We consider the scattering of a quantum particle by point interactions in one dimension. Several authors [15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28] have been investigated the scattering properties by potential barriers made of the Dirac delta functions and its (higher) derivatives. Essential properties of the scattering by a single point interaction parametrized by the U(2) were investigated in [12, 14, 29, 30] . The authors of [31] discussed the scattering by scale-invariant point interactions, which are considered to be a subclass of the point interactions. The parameter space of a scale-invariant point interaction is given by a sphere S 2 , which is described by two parameters. They showed that the quantum transmission through arbitrary N scale invariant point interactions exhibits random quantum dynamics. In our previous paper [32] , we investigated the scattering by two independent, successive parity-invariant point interactions in one dimension. The parameter space of a parity-invariant point interaction is given by a torus T 2 = S 1 × S 1 . Thus the parameter space of two independent parity-invariant point interactions is given by T 2 ×T 2 , which is described by four real parameters. Even in the reduced parameter space, it was shown that non-trivial resonant conditions for perfect transmission appear. In this paper, we extend our previous work [32] to the cases of the scattering by two independent point interactions in one dimension without any restriction, that is, on the whole parameter space U(2) × U (2) . The main purposes of this paper are to investigate the conditions for perfect resonant transmission on the whole parameter space and to provide its physical interpretation. This paper is organized as follows. In section 2, we review the scattering of plane wave by a single point interaction, and give the scattering matrix formula. In section 3, we consider the scattering by two independent point interactions, derive the scattering amplitudes and the transmission probability, and investigate the conditions for the parameter space under which perfect resonant transmission occurs. Furthermore, the physical interpretation of the perfect resonant transmission condition is discussed. Finally, section 4 is devoted to a summary.
One-dimensional quantum systems with a point interaction

Connection conditions and parametrization
In this section, we discuss quantum mechanics in one dimension (x-axis) with a point interaction located at x = ξ. A point interaction is specified by a characteristic matrix U ∈ U(2), and a wavefunction ϕ(x) and its derivative
ϕ(x)) are required to obey the connection conditions
where I is the 2×2 identity matrix. The parameter L 0 is an arbitrary nonzero constant with the dimension of length, and
where ξ ± denotes ξ ± ǫ with an infinitesimal positive constant ǫ. The parameter L 0 does not provide an additional freedom independent of the characteristic matrix U(see below for the details). The probability current
is continuous around the singular point, i.e.,
under the connection conditions. Any 2×2 unitary matrix U ∈ U(2) can be parametrized as (see Appendix A)
where
Here σ i (i = 1, 2, 3) denotes the Pauli matrices,
The characteristic matrix U can be explicitly written by
Multiplying Eq. (1) by V from the left, we have
Equation (10) is written as
The parameters θ + and θ − appear only in the expression of L (±) in the connection conditions. Therefore the freedom of changing the value L 0 can be absorbed by the corresponding change in the parameters θ + and θ − . Thus the parameter L 0 does not provide an additional freedom independent of the U.
We note that the characteristic matrix with interchange between θ + and θ − is equivalent to that with appropriate choice of µ and ν, i.e.,
Thus the parameter domain in Eqs. (5), (6) , and (7) doubly covers the entire U(2). Hence, we restrict the parameter space as
which mean L (+) − L (−) ≥ 0. Therefore, the connection conditions at a point interaction are specified by the four parameters in Eq. (15) .
We provide characteristic examples for the connection conditions.
In these cases, the connection conditions reduce to
These lead to j(ξ + ) = j(ξ − ) = 0, i.e., the probability current vanishes at x = ξ. These point interactions are those of a perfect wall located at x = ξ, through which no probability flow is permitted.
(ii) µ = π 2
and ν = 0 In this case, the connection conditions reduce to
This is the parity invariant connection conditions derived in [32] . Furthermore, when L (−) = 0, these become
This gives a potential by the Dirac delta function.
Scattering matrix
We discuss the scattering of plane wave by the point interaction located at x = ξ, shown in Fig.1 . We assume the wave functions as
where k (> 0) denotes the wave number. The scattering matrix S[ξ] is defined by The R
ξ ) mean the reflection and transmission amplitudes from the plane wave incoming from the left (right). Substituting Eq. (23) into Eqs. (11) and (12), we obtain the components of the scattering matrix [29] , explicitly as
These satisfy the relations,
which are the consequences of the unitarity property of the S-matrix, i.e. S † S = I. The transmission probability (T 1 ) and the reflection probability (R 1 ) are calculated as
From these results, we find that the transmission and reflection probabilities are irrelevant to the parameter ν (see also [29] ). The behavior of the transmission probability (
Thus we have T 1 = 0 at k = 0 and
Thus we have T 1 = sin 2 µ at k = 0 and
, the probability becomes constant with respect to k,
This is because the theory is invariant under the scale transformation, since the scale parameter L 0 disappears in the connection conditions. In all other cases, the transmission probability vanishes at both k = 0 and k → ∞, and has the peak at k Fig.2 ). We can also define the transfer matrix T [ξ] with the notation in Fig.1 , as
When we use the scattering amplitudes, T [ξ] can be written as 
, and the peak of the transmission
The transfer matrix is also useful to study in multiple point interactions case.
One-dimensional quantum systems with two point interactions
Scattering amplitude and transmission probability
In this section, we discuss the quantum mechanics in one dimension with two point interactions located at x = ξ 1 and ξ 2 (ξ 1 < ξ 2 ). As with the previous chapter, we describe the connection conditions at x = ξ i as four parameters, L i = 1, 2,
where ξ i± denotes ξ i ± ǫ with an infinitesimal positive constant ǫ. The scattering matrix at x = ξ i is
We consider a plane wave incoming from the left (x = −∞) with positive energy k. The wave function is assumed to be
where A, B, C, and D(∈ C) are constants (see Fig.3 ). In this setup, the scattering matrices satisfy the following relations
The solutions of Eqs. (50) are
These satisfy
because the unitarity of the scattering matrices holds. Substituting Eqs. (45), (46), (47), and (48) into Eq. (54), we obtain the transmission amplitude D as
where ∆ = 1 + ikL
or µ 1 = 0 or µ 1 = π or µ 2 = 0 or µ 2 = π. In each case, the point interaction behaves like a perfect wall, which means that probability current vanishes at the point.
Consequently, the transmission probability T 2 (= |D| 2 ) becomes
We note that the transmission probability is irrelevant to the parameters ν 1 , ν 2 .
Perfect transmission 3.2.1. Perfect transmission condition and its physical interpretation
The reflection amplitude A can be rewritten as
when we use the unitarity property of the scattering matrices S[ξ 1 ] and S[ξ 2 ]. Thus, the amplitude A vanishes when
This is the condition in which perfect transmission occurs due to resonance.
1 Equation (60) can also be derived by the transfer matrix approach. When we consider the matrix T = T 11 T 12 To clarify the physical interpretation of the resonance condition of Eq. (60), we consider the outgoing plane wave De ikx to be the interference of an infinite number of waves with various trajectories. In this viewpoint, De ikx can be written as
The trajectories corresponding to each term in Eq. (61) are shown in Fig.4 . Since the term R
, in general, takes a complex value, De ikx can be interpreted as a superposition of an infinite number of the waves with different phases. The resonance condition of Eq. (60) leads to
Thus, Eq. (61) becomes
under the resonance condition. There are no phase differences among each term in Eq. (63). When the resonance condition is satisfied, the outgoing plane wave can be expressed as a superposition of an infinite number of the waves with an aligned phase. In the same manner, when the resonance condition of Eq. (60) holds, Be ikx , Ce −ikx can also be expressed as a superposition of an infinite number of the waves with an aligned phase,
Furthermore, the reflected plane wave Ae −ikx can be rewritten as
When the resonance condition is satisfied, the second term can also be expressed as a superposition of an infinite number of the waves with an aligned phase,
In addition, when we use the resonance condition, the second term in Eq.
(66) can be written as −R (l) ξ 1 e −ikx . Thus, we find that the cancellation of the reflected plane wave occurs between the first term and the second term in Eq. (66).
Explicit expressions for perfect transmission
When we use Eqs. (45) and (46), the perfect transmission condition of Eq. (60) can be written explicitly as
The condition for the existence of a solution for Eq. (68) is
This condition is expressed as
When all of the coefficients in Eq. (71) vanish, i.e.,
Eq. (70) is identically satisfied, independent of the value of k. With the definition
≥ 0 (i = 1, 2), we have the solutions for Eq. (75) as
(II)
(III)
When the above conditions hold, perfect transmission occurs. The cases (I) and (II) correspond to the solutions for
2 , while the case
, then the perfect transmission occurs at
This is the case in which perfect transmission occurs at each point interaction. Besides this, we can find an infinite number of perfect transmission peaks due to resonance. We investigate the details for each case below.
The case (I): Since the parameter space of µ i (i = 1, 2) is [0, π], the relation between µ 1 and µ 2 , is divided into two cases,
First, we consider the case of Eq. (83), i.e.,
1 , and cos µ 1 = cos µ 2 into Eq. (68), we have
This can be written as
This is the equation to determine the wave number k at which perfect transmission occurs. We note that the condition of Eq. (86) does not contain the parameters µ 1 and µ 2 . Thus, the value of k for perfect transmission is independent of µ 1 and µ 2 . A representative example in this case is shown in Fig.5 . We plot the curves of the functions on each side in Eq. (86) in the left figure. At the points of intersection of the solid curves and the dashed curves, perfect transmission occurs. Hence, we can find an infinite number of solutions for perfect transmission. We also show the transmission probability for several values of the parameters µ 1 in the right figure. It is shown that perfect transmission occurs under the resonance condition of Eq. (86), and the parameter µ 1 does not change the values of the k at the peak, but change the peak width. Note that there is an extra peak at which Eq. (82) holds,
< 0. Next, we consider the case of cos µ 1 = − cos µ 2 . The resonance condition is
A representative example in this case is shown in Fig.6 . Similarly, we can find an infinite number of solutions for perfect transmission.
The case (II):
We consider the two cases in Eqs. (83) and (84) again. When cos µ 1 = cos µ 2 , the resonance condition becomes
This leads to the solutions for perfect transmission. When cos µ 1 = − cos µ 2 , the resonance condition is
We can find an infinite number of solutions for perfect transmission by solving Eq. (92). A representative example in this case is shown in Fig.7 .
The case (III): First, we consider the case (III-i). When In the right figure, the transmission probability T 2 is shown as a function of k. Here we adopt L the resonance condition becomes
with
We can find an infinite number of solutions for perfect transmission by solving Eq. (96). A representative example is shown in Fig.8 . The resonance conditions for the cases (III-ii), (III-iii), and (III-iv) are provided by In the right figure, the transmission probability T 2 is shown as a function of k. Here we adopt L where
In each case, we can similarly find an infinite number of solutions for perfect transmission. The transmission probability in this case is shown as a function of k in Fig.9 . 
Summary
We have investigated the scattering of a quantum particle by two independent point interactions in one dimension. By considering incident plane wave, we found the condition Eq. (60) under which perfect transmission occurs. The condition was written as the relation between reflection amplitudes at each point interaction and is independent of parametrization of the point interactions. Furthermore, we provided the physical interpretation of the resonance condition. When the perfect transmission occurs, it was shown that each of the transmitting, reflecting, and intermediate plane wave can be expressed as a superposition of an infinite number of the waves with an aligned phase. The parameter space for two independent point interactions is given by the group U(2) × U(2), and described by eight parameters L i , µ i , and ν i (i = 1, 2). Performing an analysis on the whole parameter space, we identified the all parameter region under which perfect transmission occurs.
For the future works, we can consider the scattering through N independent multiple point interactions, or through Y-junctions. It should be noted that the poles of S matrix would also be important for the future works.
